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Given two images of a threedimensional surface, a warp is an R2 → R2

function that maps a point from the first image to the corresponding point
in the second image (see figure 1). For example, two images of a rigid
scene taken by a perspective camera that rotates around its optical cen-
ter are related to each other by an homographic warp. In the presence of
deformable surfaces, and for an arbitrary camera displacement, the warp
is more complex. Several parametric warps were proposed and proved
efficient, such as the Thin-Plate Spline warp [1, 2] and the B-Spline warp
(hereinafter abbreviated BS-Warp and also called Free-Form Deforma-
tion [3]).

Figure 1: A warp W is a function that maps a 2D point q from the first
image to a point q′ in the second image.

In this paper, we bring several contributions. We first demonstrate
that the classical BS-Warp corresponds to affine imaging conditions, in
the sense that it models the affine projection of some 3D surface. We
then propose our most important contribution: a novel parametric warp
we call NURBS-Warp, that extends the classical BS-Warp to perspec-
tive projection. This warp has a simple analytical form: it is obtained as
the two-way tensor-product of bivalued Non-Uniform Rational B-Splines
(NURBS). Finally, we give algorithms for the feature-based estimation of
our NURBS-Warp.

Our NURBS-Warps are compared to standard BS-Warps for both syn-
thetic and real images. These experiments show that our NURBS-Warp
gives better results than the other warps, especially when the perspective
effects are significant. We also show that the benefit brought by our new
warp is more sensible when the observed surface deformations are lim-
ited. However, when the surface deformations are important, both the
NURBS-Warps and the BS-Warps require a lot of control points. Since it
increases the number of degrees of freedom, the BS-Warp can then also
cope with perspective effects.

BS-Warps. If we consider that the observed surface is modeled by a
threedimensional tensor-product B-Spline, the BS-Warp corresponds to
the transformation between the two images under affine imaging condi-
tions (see figure 2 for an illustration). Besides, we experimentally show
in the article that BS-Warps behave poorly for perspective imaging con-
ditions.

NURBS-Warps. We build a new warp we call NURBS-Warp. As illus-
trated in figure 3, it is obtained by replacing the affine projection by the
perspective one. Experimental results show that these new warps are par-
ticularly well suited when the perspective effects are large. An example
is given in figure 4.

Parameter estimation. Since the BS-Warp is analytically linear, there
exists a closed-form solution to estimate its parameters from point corre-
spondences. The NURBS-Warp is not linear. However, it is possible to
estimate its parameters using an iterative algorithm such as Levenberg-
Marquardt. We propose three approaches to initialize this algorithm:

Figure 2: A BS-Warp can be seen as the result of a threedimensional B-
Spline surface projected under affine conditions.

Figure 3: A NURBS-Warp can be seen as the result of a threedimensional
B-Spline surface projected under perspective conditions.

• act as if the images were taken under affine imaging conditions;
• act as if the warp relating the two images was an homography;
• use an algebraic approximation to the transfer function.
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Figure 4: The NURBS-Warp (black visualization grid) better models the
perspective effect than the BS-Warp (dashed grid). The black circles rep-
resent the ground truth location of the vertices.


